In this paper, we give a lower bound estimate for the cardinality of an additive 2-basis for N , as N → ∞, which improves the existing results on this topic.
Introduction
For a positive integer N , an additive 2-basis (or simply a 2-basis) of size k for N is a set {0 = a 1 < a 2 < · · · < a k } of integers such that every positive integer up to N can be represented as a sum of two elements of the set. For a positive integer N , we denote by k = k(N ) (resp. k r = k r (N )) the smallest number of elements that can form a 2-basis (resp. a restricted 2-basis) for N . In this paper, we are interested in a lower bound estimation for k and k r , as N → ∞. Rohrbach [9] conjectured that σ = 1 4 , but this was disproved by many authors based on various constructions of thin 2-bases (cf. [2] , [7] ). In particular, Mrose [7] The exact value of σ is still a mystery. Even a heuristic argument is still to be found in the literature that would suggest what the true value of σ should be. Nevertheless, besides various constructions of thin 2-bases which yield lower bounds, there have been a number of results giving upper bounds for σ. For any 2-basis A for a positive integer N , a simple counting argument implies that
which yields σ ≤ 1 2 . This trivial bound for σ has been improved as follows: Among all these results, Rohrbach [9] attained his bound with a combinatorial argument, and all others used the Fourier series. In particular, Klotz [4] also appealed to Rohrbach's combinatorial method; Güntürk and Nathanson introduced the Fourier series for functions of two variables into the problem to obtain their improvement.
The restricted case has also been studied by several authors. Rohrbach [9] proved that σ r ≤ 0.4654. This was later improved by Riddell [8] to 0.43356, and subsequently by Moser, Pounder and Riddell [6] With a similar method, we also get an improvement for σ r .
Theorem 1.2. We have
σ r ≤ 7 + √ 5 22 = 0.41982 . . . . Notation. Throughout this paper, A B (resp. A B) means that A ≥ (1+o(1))B (resp. A ≤ (1 + o(1))B) as N → ∞.
Preliminaries
For a finite set B ⊂ Z, we denote by f B (β) the generating function of B as
, where e(t) = exp(2πit).
We also define, for any n ∈ Z, that
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The following lemma (Lemma 2.1) is fundamental in our proofs of Theorems 1.1 and 1.2. It is a more general form of Lemma 2 in [10] . We believe that such a result is of independent interest and will be useful in other places. Thus we give the lemma in a more general setting even though the proofs of the theorems will only need it with a very special weight function.
Let u(x) be a non-negative function supported on [0, 1], with piecewise continuous derivative and bounded total variation, and
For given real numbers p, δ with p > 2δ > 0, let w p,δ (x) be the periodic function on (−∞, +∞) which, on a period [−p/2, p/2], is defined by
Then for any fixed real number κ, we have
Proof. We first note that w p,δ (x) has a formal Fourier expansion into the cosine series
where, for the integer n ≥ 0,
By a straightforward calculation, we get
from which we see that
and that the Fourier series (2.4) converges uniformly to w p,δ (x). From (2.4) and (2.5), we thus have
and
From (2.6), (2.7), we thus have (2.8)
Note that, for each n ≥ 1, we have a p,δ (n) ≥ 0 and 
Proof. When N n, we have
From this we get 
The lemma then follows from the fact that |A| 2 > (2 + ε)N for some > 0 as N → ∞.
In our application of Lemma 2.1 to the proofs of Theorems 1.1 and 1.2, we take
p. In the next lemma and henceforth, we shall suppose w p,δ (x) given by (2.10). We note that in the cosine series (2.4) we then have the following, which is more precise than (2.5): (2.11) Proof. Note that if p ≥ 1, then
is a 2-basis for a sufficiently large integer N , and D p,δ (A) is as defined in Lemma 2.1, with w p,δ (x) given by (2.10).

If p ≥ 1, then we have
Now from (2.6), (2.11), and Lemma 2.2, we have
which, along with (2.13), proves (2.12).
If A is a restricted 2-basis for N , and p ≥ In this section, we shall use the lemmas to prove Theorem 1.1. Suppose A is a 2-basis for a sufficiently large integer N . Without loss of generality, we shall assume |A| √ N . Let δ, ε be real numbers satisfying 0 < ε < δ < 1 2 , the actual values to be determined later, and w p,δ (x) be given by (2.10). From Lemma 2.1, we have
Combining these with Lemma 2.3, we see that
Now we notice that
From these and the fact that
Since A is a 2-basis for N and since the coefficient of r A (m) for each m in R (1) 1+2(δ−ε),δ,δ−ε (A) is less than 1, we see that, apart from an error term of at most
Now, from (3.1), (3.2) , and (3.3), we get 
On the other hand, since
, we see that R 1 2 +δ,δ,
Thus from this and (4.1), we get 3 -norm of the Fourier series is small. The difficulty of this approach is to find a (more or less) optimal weight function satisfying the properties we want. This surely requires a better understanding of the Fourier coefficients of 2-variable functions.
